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Abstract
Let G be a finite nonabelian group. Define λ(G) to be the smallest positive integer such that every element
of G′ is expressible as a product of λ(G) commutators. We show |G′| (λ(G) + 1)!(λ(G) − 1)!. We use
this result to prove a conjecture of V.G. Bardakov in the Kourovka notebook that λ(G)|G|  16 , with the bound
obtained only at the group S3.
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1. Introduction
It is known that the derived subgroup of a finite group may contain elements which are not
commutators. R. Guralnick [3] proved the smallest such groups have order 96. Given a finite
nonabelian group G, we define λ(G) to be the smallest positive integer such that each element of
G′ may be written as a product of λ(G) commutators. In the most recent edition of the Kourovka
notebook [5], V.G. Bardakov conjectured that
λ(G)
|G| 
1
6
,
with the bound obtained only at the symmetric group on three letters. We verify his conjecture
by considering the following question. Given a value for λ(G), what is a lower bound for |G′|?
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|G′| (λ(G) + 1)!(λ(G) − 1)!. (1.1)
This improves the earlier bound of Gallagher,
|G′| 1
2
(
λ(G) + 1)!(λ(G) − 1)! + 1. (1.2)
For the groups of order 96 with a noncommutator in their derived subgroup, the order of the
derived subgroup is 32. In these cases, (1.1) gives λ(G) = 2, while (1.2) gives λ(G)  3. Fur-
thermore, as there exists a group of order 128 whose derived subgroup has order 16 and contains
a noncommutator, we cannot write |G′| 3(λ(G)+ 1)!(λ(G)− 1)!. We conclude by using (1.1)
to strengthen the conjecture of Bardakov and prove that
λ(G)
|G| 
1
250
,
when |G| > 1000.
2. Main result
Burnside [1] posed the following result as an exercise in his “Theory of Groups of Finite
Order.” In answering a more general question, Gallagher [2] gave a short proof in his 1965 paper.
Lemma 2.1. Let G be a finite nonabelian group. Let g ∈ G′ such that g is not a product of n
commutators. Then,
∑
χ∈Irr(G)
1
χ(1)2k−1
χ(g) = 0 (0 k  n). (2.1)
Proof. See [2, p. 406]. 
The following theorem is implicit in the work of Gallagher [2]. We state it here in a way more
convenient for our purposes.
Theorem 2.2. Let G be a finite nonabelian group with character degrees 1 = f0 < f1 < · · · < fr .
Set λi = 1
f 2i
. Then λ(G) r . Further, if 1 n r , and p(x) ∈ C[x] of degree n, and,
min
{∣∣∣∣ p(1)p(λ1)
∣∣∣∣, . . . ,
∣∣∣∣ p(1)p(λr)
∣∣∣∣
}
 |G′|,
then λ(G) n.
Proof. Suppose the theorem is false. Set mp = min{| p(1)p(λ1) |, . . . , |
p(1)
p(λr )
|}. There exists an n such
that either n = r , or n < r and mp  |G′|. Among all such n, pick n as small as possible. Note,
T. Bonner / Journal of Algebra 320 (2008) 3165–3171 3167n 1 and λ(G) > n. It follows that there exists g ∈ G′ such that g cannot be written as a product
of n commutators. By Lemma 2.1, we have
∑
χ∈Irr(G)
1
χ(1)2k−1
χ(g) = 0 (0 k  n). (2.2)
Setting
ai = |G
′|
|G|
∑
χ∈Irr(G),χ(1)=fi
χ(1)χ(g),
we rewrite the system of equations in (2.2) as
r∑
i=0
λki ai = 0 (0 k  n),
with a0 = 1. It follows that if q(x) ∈ C[x] of degree at most n, we have
r∑
i=0
aiq(λi) = 0. (2.3)
Take q(x) = ∏rj=1(x − λj ). Now, λ0 = 1, and λi  14 for i  1, imply that q(λ0) = 0 while
q(λi) = 0 for 1  i  r . This, together with Eq. (2.3), implies that n < r and mp  |G′|. Set
Mp = max {|p(λ1)|, . . . , |p(λr)|}. Note Mp > 0, as r > n. By (2.3), we know that
∣∣∣∣∣
r∑
i=1
aip(λi)
∣∣∣∣∣=
∣∣p(1)∣∣. (2.4)
We have
∑
χ∈Irr(G),χ(1)>1
∣∣χ(1)χ(g)∣∣ |G||G′|
r∑
i=1
|ai |
 |G||G′|
r∑
i=1
∣∣∣∣aip(λi)Mp
∣∣∣∣
 |G||G′|
∣∣∣∣p(1)Mp
∣∣∣∣ by (2.4)
= |G||G′|mp.
On the other hand,
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χ∈Irr(G),χ(1)>1
∣∣χ(1)χ(g)∣∣= ∑
χ∈Irr(G)
∣∣χ(1)χ(g)∣∣− ∑
χ∈Irr(G),χ(1)=1
∣∣χ(1)χ(g)∣∣

∑
χ∈Irr(G)
χ(1)2 −
∑
χ∈Irr(G),χ(1)=1
∣∣χ(1)χ(g)∣∣
= |G| − |G||G′|
= |G||G′|
(|G′| − 1)< |G||G′|mp,
since we are under the hypothesis mp  |G′|. This is a final contradiction and the theorem
holds. 
Now, we determine a specific polynomial to obtain our bounds.
Lemma 2.3. Suppose we are given a sequence of integers f0, . . . , fr where 1 = f0 < f1 < f2 <
· · · < fr , and some n such that 1  n  r . We set λi = 1
f 2i
. Then, there exists p(x) ∈ R[x] of
degree n such that
∣∣∣∣ p(1)p(λj )
∣∣∣∣ 2
n∏
i=1
(
f 2i − 1
)− 1 for j = 1,2, . . . , r. (2.5)
Proof. We set q(x) = ∏ni=1(x − λi) and c = (−1)n+12∏ni=1(f 2i −1)+(−1)n+1 . We take p(x) = c +
(1 − c) q(x)
q(1) . For 1  j  n, p(λj ) = c, and p(1) = 1, so the inequality in (2.5) holds for
1  j  n. As p(x) is of degree n and constant on the set {λ1, . . . , λn}, p(x) must be mono-
tonic on (−∞, λn). For n < j  r , 0 < λj < λn, and we have either
p(λn) < p(λj ) < p(0) or p(λn) > p(λj ) > p(0).
This gives,
∣∣p(λj )∣∣< max{∣∣p(0)∣∣, ∣∣p(λn)∣∣} for n < j  r.
So,
∣∣∣∣ p(1)p(λj )
∣∣∣∣> min
{∣∣∣∣p(1)p(0)
∣∣∣∣,
∣∣∣∣ p(1)p(λn)
∣∣∣∣
}
for n < j  r. (2.6)
We adopt the convention that (2.6) holds if p(λj ) = 0. We have
q(1)
q(0)
= (−1)n
n∏
i=1
(
f 2i − 1
)= −1
2
(
1
c
− 1
)
= −1
2
(
1 − c
c
)
.
This gives p(0) = c + (1 − c)q(0)
q(1) = −c. As p(1) = 1 and p(λn) = c, (2.6) implies that the
lemma holds. 
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fr , and suppose 1 n < r . If
2
n∏
i=1
(
f 2i − 1
)− 1 |G′|,
then λ(G) n.
Proof. Set λi = 1
f 2i
. By Lemma 2.3 we may find p(x) ∈ R[x] of degree n, such that
∣∣∣∣ p(1)p(λj )
∣∣∣∣ 2
n∏
i=1
(
f 2i − 1
)− 1 for j = 1,2, . . . , r.
Then, Theorem 2.2 gives the result. 
Corollary 2.5. Let G be a finite nonabelian group with character degrees 1 = f0 < f1 < · · · <
fr , and suppose 1 n < r . If
n∏
i=1
f 2i  |G′|,
then λ(G) n.
Proof. Now,
∏n
i=1(f 2i − 1)∏n
i=1 f 2i
=
n∏
i=1
(
1 − 1
f 2i
)

n+1∏
i=2
(
1 − 1
i2
)
= 1
2
· n + 2
n + 1 .
So,
2
n∏
i=1
(
f 2i − 1
)
 n + 2
n + 1
n∏
i=1
f 2i =
(
1 + 1
n + 1
) n∏
i=1
f 2i >
n∏
i=1
f 2i + 1,
as fn  n + 1. Then,
2
n∏
i=1
(
f 2i − 1
)− 1 >
n∏
i=1
f 2i , (2.7)
and the result follows from Corollary 2.4. 
For any finite nonabelian group G, Gallagher [2] showed that |G′|  1/2(λ(G) + 1)! ×
(λ(G) − 1)! + 1. In the case G is a p-group, with |G′| = pa , he also showed that a 
λ(G)(λ(G) − 1). We strengthen each of these inequalities.
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(n + 1)!(n − 1)!.
Proof. As λ(G) > n− 1, Theorem 2.2 shows the G has at least n+ 1 distinct character degrees.
Further, Corollary 2.4 implies that
|G′| > 2
n−1∏
i=1
(
f 2i − 1
)− 1 2
n∏
i=2
(
i2 − 1)− 1 = (n + 1)!(n − 1)! − 1,
and the result follows. 
Corollary 2.7. Let G a finite nonabelian p-group, |G′| = pa , and λ(G) = n > 1. Then a >
n(n − 1).
Proof. As G is a p-group, each character degree is a power of p. As λ(G) > n − 1, Theorem
2.2 shows that G has at least n + 1 distinct character degrees. Then, Corollary 2.5 implies that
pa = |G′| >
n−1∏
i=1
f 2i 
n−1∏
i=1
p2i = pn(n−1),
and the result follows. 
Corollary 2.8. Let G be a finite nonabelian group with character degrees 1 < f1 < f2. Then
λ(G) 2, and if λ(G) = 2, |G′| > 2f 21 f 22 −f 21 −f 22
f 22 −f 21
.
Proof. Set λi = 1
f 2i
for i ∈ {1,2}. By Theorem 2.2, λ(G)  2. Let p(x) be the line through
( λ1+λ22 ,0) and (1,1). We have | p(1)p(λ1) | = |
p(1)
p(λ2)
| = 2f 21 f 22 −f 21 −f 22
f 22 −f 21
, so Theorem 2.2 gives the re-
sult. 
Remark 2.9. For a group with exactly 3 character degrees, this is the best possible bound using
the method of Theorem 2.2. We note there exists a group G such that |G| = 128, the set of
character degrees is {1,2,4}, and G′ contains a noncommutator. For this group, Corollary 2.7
gives |G′| 8, Corollary 2.8 gives |G′| 10, and the actual value of |G′| is 16.
We now answer the question of Bardakov.
Corollary 2.10. Let G be a finite nonabelian group. Then λ(G)|G|  16 with the bound obtained only
at the group S3. Further, lim|G|→∞ λ(G)|G| = 0, and for any group such that |G| > 1000, we have
λ(G)
|G| 
1
250 .
Proof. By Corollary 2.6, we have
λ(G)  λ(G)′ 
λ(G) = 1 2 . (2.8)|G| |G | (λ(G) + 1)!(λ(G) − 1)! (λ(G) + 1) · (λ(G) − 1)!
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1
6 if λ(G)  3. As λ(G) = 1 for all groups G where |G|  12, the first statement
follows. We let c.d.(G) represent the set of character degrees of G. Then, Theorem 2.2 gives
λ(G)
|G| <
|c.d.(G)|
|G| 
√|G|
|G| =
1√|G| ,
and we have the limit in the second statement. Finally, suppose |G| > 1000 and λ(G)|G| > 1250 . Then
λ(G) > 4. By (2.8), λ(G)|G|  16·4!2 = 13456 , and the last statement results. 
Remark 2.11. Recently, L.-C. Kappe and R. Morse [4] implemented the system of equations
in (2.1) in GAP to show λ(G) 2 for all groups G such that |G| 1000.
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